We determine the optical response of topological insulator thin films in the presence of a quantizing, external magnetic field. We explicitly take into account hybridization between the states of top and bottom surface. The interplay between hybridization and Zeeman energies gives rise to topological and normal insulator phases and phase transitions between them. The optical response in the two phases and at the phase transition point is investigated. We show that the difference in magneto-optical response can be used to distinguish the topological phase from the normal phase of the system. Further, the optical response also allows us to determine the gap generated by hybridization between top and bottom surface states of topological insulator thin films.
I. INTRODUCTION
Three-dimensional (3D) Topological insulators (TIs) are materials that have a bulk bandgap but conducting surface states [1] [2] [3] [4] . These materials usually have strong spinorbit interaction. The conducting surface states are protected by time-reversal symmetry.
The surface states have a linear dispersion relation and the quasiparticles (Dirac fermions) at the surface obey the massless Dirac equation. Further, the surface states are helical where intrinsic angular momentum (spin) and translational momentum are locked to each other with the Dirac cone centered at the time-reversal invariant momentum point in the Brillouin zone with spin polarized Berry phase [5] [6] [7] ; which was confirmed by spin polarized Angle Resolved Photo Emission Spectroscopy (ARPES). These helical Dirac fermions exist on the edge of three-dimensional topological insulators such as Bi 2 Se 3 , Bi 2 T e 3 .
The gapless surface states are primarily responsible for transport in topological insulators.
In transport studies of TIs, a major challenge is to separate the bulk contribution from the surface contribution. Since several TIs are layered materials, thin films can be synthesized with the advantage that thin films of topological insulators have minimum bulk contribution.
Experiments on thin films are being actively pursued and it has been demonstrated that they exhibit thermoelectric effect [8] , quantum spin Hall [9, 10] , quantum anomalous Hall effect [11] and excitonic superfluidity [12] . Additionally, thin films provide an extra tunable degree of freedom which is their thickness. Thin films where states of top and bottom surfaces hybridize exhibit even richer physics. This hybridization can happen for 1-5 quintuple layers with a thickness of the order of 5nm [11, [13] [14] [15] [16] . Fabrication of Bi 2 Se 3 thin film by molecular beam epitaxy [13, 17] as well as its low temperature transport studies have been reported in [18] . Hybridization leads to opening the gap in the surface state dispersion; in other words, it provides mass to Dirac fermions on the top and bottom surfaces. Further, this gap can be tuned by the application of an external magnetic field. It has been shown that the response of TI thin films in an external magnetic field is highly nontrivial [19] [20] [21] . TI thin films exhibit topologically phases with phase transition that can be tuned by an external magnetic field. For surface state effects, the Fermi level has to be in the bulk band gap which can be controlled by doping a TI [22, 23] or by a gate potential.
The main question that we address in this work is the effect of hybridization between top and bottom surface states on the magneto-optical response in thin film TIs. For this, we determine the complex frequency dependent longitudinal optical conductivity σ(ω); its real part gives the absorption as a function of photon energy. This has been carried out for graphene which shows good agreement between theory and experiment [24] [25] [26] [27] [28] . Magnetooptical properties of TIs [29] and other single layer material such as MoS 2 [30, 31] and silicene [32] have also been investigated. Landau levels are formed in the presence of an external magnetic field. Transitions between the Landau levels generate absorption lines in the magneto-optical conductivity [33, 34] . Recently in [35, 36] , these absorption lines were used to distinguish topological insulator phase and normal (band) insulator phase in silicene in the presence of spin orbit interaction and staggered potential. In this paper, we investigate topological phase transition in thin film of a topological insulator where hybridization between top and bottom surfaces is important. This will be done on the basis of information obtained from magneto-optical absorption spectra. We obtain the absorption spectra in both topological insulator phase and normal insulator phase as well as at the Charge Neutrality Point (CNP). This paper is organized as follows: In section 2 and 3 we develop the theoretical model of a thin film topological insulator in a uniform external magnetic field. In section 4, we determine the longitudinal conductivity and transverse hall conductivity. In section 5, response to circularly polarized light is considered. In section 6, the topological phase transition in the semiclassical limit is investigated.
II. THEORY OF TOPOLOGICAL INSULATOR THIN FILM IN AN EXTERNAL MAGNETIC FIELD
We consider the Hamiltonian for the surface states in a topological insulator thin film aligned in the xy−plane with hybridization between the surface states. When thin film is subjected to transverse magnetic field B = ∇ × A, Landau levels with quantized energies develop in the valence and conduction bands. We employ the minimal substitution p → p + e c A in the Landau gauge for vector potential A = (0, xB, 0) and c is the speed of light.
The Hamiltonian of our system takes the form [11] :
Here (σ x , σ y , σ z ) define Pauli matrices acting on real spin space. τ z = +/− represent the symmetric/antisymmetric linear combination of surface states represented by [11] . Here t represents the top surface and b the bottom surface of the thin film. v f is the Fermi velocity of Dirac fermions on the surface. Moreover, we have
Zeeman energy ∆ Z = gµ B B/2, the effective Lande factor g, the Bohr magneton µ B , and ∆ H represents the hybridization contribution which is due to the hybridization between upper and lower surfaces of the TI. As p x and x do not commute, we can write the Hamiltonian in terms of dimensionless operatorŝ
where l B = c/eB is the magnetic length.Q = −l quadratic term can appear in the Hamiltonian even in the absence of both Zeeman energy and hybridization [38, 39] , if there is no electron-hole symmetry, as shown by angle resolved photoemission spectroscopy. In our case we have not considered a quadratic term in Eq.
(1) as it can be neglected when the system is doped such that the Dirac point is close to the charge neutrality point (CNP), which is the focus of our work. The n = 0 Landau level splits only when ∆ H is nonzero. The LL energy spectrum carries important information regarding topological phase transition in the system. The n = 0 Landau level E − 0 changes sign during the phase transition from normal insulator (∆ z < ∆ h ) to topological insulator (∆ z > ∆ h ). For normal insulator phase E − 0 is hole like and for topological insulator phase it is electron like breaking particle hole symmetry. This represents an extra filled Landau level which gives rise to Hall conductivity e 2 /h [20] ; hence we can write with magnetic field B = 2.3T . For magnetic field less then 2.3T, their will be particle hole symmetry in our system; for magnetic field larger then 2.3T particle hole symmetry will be broken. This represents the topological phase as shown in Fig. 1 .
Using Eq. (4) and Eq. (5), the eigenvectors for symmetric surface states are
and
where | |n| is an orthonormal Fock state of the harmonic oscillator and
, n = 0, 1, n = 0.
(11)
III. DENSITY OF STATES
To shed further light on the energy spectrum of our system, we determine the Dirac fermion density of states. The Green's function associated with our Hamiltonian is
From which we can compute the density of states D(ω) as
which can be expressed as
This yields
The plot of density of states D(ω) is shown in Fig. 3 as a function of energy. We used B = 1T and η = 0.12∆ H . Two n = 0 Landau levels are located at ω = −(∆ Z + ∆ H ) and 
2(a) and 2(c).

IV. MAGNETO-OPTICAL CONDUCTIVITY
We determine the magneto-optical conductivity with in the linear response regime using the Kubo formula [29, 37] 
is the Fermi distribution function with β = 1/k B T, ε m is the energy of mth Landau level and η is scattering rate taken as constant.
We will take states m to be occupied and n as unoccupied LLs. The selection rule for Landau levels transition is |n| = |m| ± 1 determined by the evaluation of matrix elements. At zero temperature we can drop the absolute value of n and all transition to negative Landau levels are Pauli blocked. For longitudinal magneto-optical conductivity with x = ev f (−τ z σ y ), the matrix element for symmetric eigenstates is determined as
and for antisymmetric eigenstates, it is
Therefore, we obtain
where σ o = e 2 /4 . From the above result it is clear that for possible transitions we must have n = |m| ± 1. Using the selection rule n = |m| ± 1 we can write
Re
For transverse Hall conductivity x = ev f (−τ z σ y ) and y = ev f (σ x ). The matrix elements are evaluated to yield
Using selection rule n = |m| ± 1 we can write
This is the general expression for transverse Hall conductivity representing transition from m to |m| ± 1 state. We can also determine These transitions have peaks at the same energy. These transitions result from the the selection rule n = |m| ± 1 and for ∆ Z < ∆ H the gap between τ z = +1 and τ z = −1 is very small for Landau levels with same n. Similarly, all other peaks represent contributions of four allowed transitions at same energy for small ∆ Z . Fig. 3(b) shows the real part of σ xx (ω) at CNP. For the 1st peak two transitions, represented by arrows, E This peak shows same behavior both in TI and NI phase.
V. CIRCULARLY-POLARIZED LIGHT
For circularly Polarized light the conductivity is written as σ xx (ω) ± iσ xy (ω) with (+) representing the right handed polarization and (−) representing left handed polarization.
The circularly polarized light shows different behavior in normal insulator and in topological insulator phase. The absorptive part of conductivity is
For normal insulator
For topological insulator
and The plot for topological insulator phase is shown in Fig. 11(c 
VI. SEMICLASSICAL LIMIT
The semiclassical limit is valid when the quantization between Landau levels is unimportant. It is the case when chemical potential µ >> E 1 [12] . For large µ all transitions will be intraband. The energy of intraband transitions is given by δE = E n+1 − E n , which is approximated to give
The chemical potential µ falls exactly between N and N + 1 with N >> 1, so we can write
so for n to n + 1 transitions the Reσ xx (ω) in semiclassical limit is written as
.
The real part of the frequency dependent longitudinal optical conductivity Reσ xx (ω)
versus ω in units of e 2 /h in the semiclassical limit is shown in Fig. 12 with E n < µ < E n+1 .
The first pair starting from right side represents the transition between n = 5 to n = 6 while the 2nd pair represents the transition between n = 11 and n = 12 LLs and the last pair at the lowest energy represents the transition between n = 20 and n = 21 LLs. The dashed peak gives the transition between τ z = −1 LLs and solid peaks represent transitions for τ z = +1 LLs. We observe that as the chemical potential increases the spectral weight increases.
VII. SUMMARY AND CONCLUSIONS
We have studied the effect of hybridization between the top and bottom surface states on the magneto-optical conductivity in a thin film TI . Hybridization induces gap in the Dirac spectrum. Each LL splits into two with the same Landau index representing LLs for symmetric and antisymmetric hybridized states. In the NI phase, LLs are mirror image of each other preserving particle hole symmetry; when Zeeman energy increases through an external magnetic field, quantum phase transition takes place to a TI phase. This has a signature in the magneto-optical absorption spectra. The peak for the transition E 
